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Many-body interaction effects on the low-k structure of liquid Kr
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Neutron diffraction measurements and theoretical calculations of the structure factorS(k) of liquid Kr are
extended to smallk values (k,4 nm21). The results show that many-body interaction contributions have an
increasing effect onS(k) ask→0, reaching at least 40% of the measured intensity. Both the phase diagram and
the low-k structural data of dense Kr turn out to be closely reproduced by the hierarchical reference theory if
additional many-body forces are taken into account by an augmented strength of the Axilrod-Teller triple-
dipole potential. The experimental density derivative ofS(k) is also used for a very sensitive test of the
theories and interaction models considered here.
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Considerable progress in the understanding of three-
more-body potential effects in fluids has been made thro
the joint use of accurate neutron diffraction determinatio
of the static structure factorS(k) and of theories develope
to predict the structure of simple fluids over wide densi
temperature, and exchanged momentum domains@1–9#.
Most of these studies show that good agreement betw
theory and experiment is often found when the calculati
use a realistic pair potential, along with the long-range trip
dipole contribution, i.e., the well-known Axilrod-Teller~AT!
model @10#.

In spite of the advances made in the field, a compl
knowledge of many-body effects onS(k) of dense fluids is,
however, still lacking, even in the simplest case of rare-
fluids. This has been evidenced by the results of a prev
study on liquid Kr @3#, based on the comparison betwe
wide-angle (k.3.5 nm21) neutron diffraction data and
modified hypernetted chain~MHNC! @11–13# calculations,
using the well tested Aziz-Slaman~AS! pair potential for Kr
@14#, with and without AT forces. Here the MHNC outpu
reveal thatS(k) is heavily influenced by the triplet AT inter
actions mainly fork,3 nm21. This suggests, as observed
Ref. @3#, that more complete information on the size and
nature of structural many-body effects in liquids can
achieved by extending the diffraction measurements to
region.

On the other hand, it is worth mentioning that liquid sta
theories have been developed recently, like the soft-core
erarchical reference theory~SC-HRT! @5,15#, which are suit-
able for the description of the dense fluid properties in a w
range of thermodynamic states, also near to liquid-vapor
existence, and which can be used for comparison with
perimental findings.

*Present address: Dipartimento di Chimica e Biochimica Med
Università di Milano, LITA via F.lli Cervi 93, I-20090 Segrate
Milano, Italy.
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Here we report the results of a low-k neutron diffraction
investigation in liquid Kr and the comparison with SC-HR
and MHNC calculations. The measurements, performed
Laboratoire Le´on Brillouin ~Saclay, France! with the small-
angle diffractometer PAXE covering the range 0
,k/nm21,4.1, match some of the thermodynamic sta
studied by wide-angle diffraction in Ref.@3#. Three states a
T5199 K, with number densitiesn511.31, 11.66, and
12.10 nm23, and two states at 169 K, namely,n514.23 and
14.57 nm23, were thus considered, varying approximate
from 1.7 to 2.2 times the Kr critical density (nc
56.55 nm23 andTc5209.39 K). The measured intensitie
were corrected for background, multiple and incoherent s
tering, attenuation, and inelasticity effects. Data calibrat
was accomplished by means of an additional measurem
on dilute methane, which is a predominantly incoherent n
tron scatterer. The statistical accuracy reached in our runs
to structure factor determinations with about 2.5% relat
uncertainty, after the final absolute normalization of ea
S(k) to the corresponding thermodynamic limit atk50, cal-
culated from the equation-of-state data of Ju˙za and Sˇ ifner
@16# through S(0)5nkBTxT , where xT is the isothermal
compressibility. It is worth stressing that the presentS(k)
determination at lowk, i.e., in the wave vector region whic
is heavily affected by many-body effects, fills most of th
existing gap between the higher-k data of Ref.@3# and the
S(0) thermodynamic results, giving therefore the possibil
of analyzing thek dependence of those contributions.

The thermodynamic states of the experiment are ra
close to the liquid boundary of the liquid-vapor phase tra
sition. It is important then to make a comparison with
theory which describes well this phase boundary. The h
archical reference theory~HRT! is a suitable choice. This
theory implements the renormalization group strategy wit
the liquid-state theory. One important feature is that the H
equation is able to generate the liquid-vapor phase bound
The general HRT strategy is applied within an Ornste

,
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BRIEF REPORTS PHYSICAL REVIEW E 63 052201
Zernike approximation for a soft-core potential~SC-HRT!
which has been used earlier aboveTc @5#. Tests of the theory
below Tc , performed by comparing HRT and simulatio
data for a Lennard-Jones fluid on the coexistence curve,
vided remarkable results@15#. In particular, at the critical
point, HRT was found to reproduce the simulation output
nc almost exactly and forTc within 1%.

Having an accurate theory for most thermodynamic fl
states, we can now use it to probe the interaction feature
a dense rare gas, such as liquid Kr, by including a reali
model of the interatomic potential in the SC-HRT equati
and by comparing the theoretical results with experimen
quantities. First important indications are obtained throu
the analysis of the experimental phase diagram and, in
ticular, of the critical parameters@16#. We find that, by using
the AS potential for the two-body interaction and the thre
body AT potential with the standard value of its strengthn in
Kr, n52.204310226 J nm9 @17#, SC-HRT provides a criti-
cal temperature and density which are, respectively, ab
5% and 3% larger than the corresponding experimental
ues. Even higher values are obtained without three-b
forces. The above deviations from experiment are m
larger than the expected 1% accuracy of HRT. We have
formed various tests to prove that the way in which we tr
the three-body AT interaction is not responsible for the d
crepancy innc and Tc . We take this as evidence that th
main origin of the above deviation is due to an inadequ
representation of the true interatomic potential.

It is known that the triplet potential contains terms
addition to the AT one, and also four-body and higher ord
might contribute to the total interaction. In the absence
detailed information on such additional many-body contrib
tions, we may try to assume that they can be represente
the AT potential with a renormalized intensityne f f ~referred
to in the following as ATe f f). We find that if we takene f f
51.65n, the position of the critical point is displaced atTc
5211.1 K andnc56.54 nm23; i.e., both Tc and nc are
within 1% from experiment. Such an agreement is n
present also for the phase diagram belowTc . As an example,
for the two isotherms of the present measurements ofS(k),
we find nvap52.64 nm23 and nliq511.0 nm23 at T
5199 K ~experimental values are 2.63 and 10.9 nm23, re-
spectively! andnvap50.84 nm23 andnliq514.04 nm23 at
T5169 K ~against 0.80 and 14.10 nm23, respectively,
from experiment!. This is the first time that one gets such
close agreement with the experimental phase diagram s
ing from a microscopic theory with a realistic model of th
interatomic interaction.

The HRT equation produces not only the thermodynam
quantities, but also the pair correlation. It is then possible
test the overall agreement with experiment fork.0 and, in
particular, the accuracy of the above effective interaction,
comparison with our experimental results forS(k) and its
density derivatives.

Figure 1 shows the measured structure factors at 16
and 199 K, together with the results of SC-HRT calculatio
based on the AS plus ATe f f model. At 199 K, calculations
without many-body forces are also shown for the 11.66 a
12.10 nm23 states@Fig. 1~b!#. It is clear that a pure two-
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body interaction is unable to account for the experimen
behavior for k,4 nm21, with differences increasing to
about 40% at the lowest experimentalk value (0.8 nm21).
Conversely, by adding the effective AT interaction, SC-HR
provides, for all the densities studied on the 199 K isothe
a very good description of the experimentalS(k) down to
k;1.2 nm21. Below thisk value, differences between da
and calculations~slightly increasing as the coexistence cur
is approached, i.e., as the density is decreased! are anyway
reduced to 7% or less by the introduction of the effect
three-body potential. A similar small deviation is found f
both densities at 169 K, where the slight underestimation
SC-HRT of the experimental data is detectable, however
a wider k range (k,3.5 nm21) and appears to be system
atic.

We have computedS(k) also with the MHNC equation
extended to include the effects of three-body forces@13#.
This is known to be one of the most accurate theories of
short-range structure of simple fluids over a wide range
temperature and density, and in fact it gave results in ex
lent agreement with the previous measurements in the d
regime and at largek @3#. Conversely not too much is know
about the accuracy of the MHNC theory on the small-k re-
gion, and it is known that the MHNC equation complete

FIG. 1. Experimental low-k S(k) ~dots with error bars! com-
pared with the results of SC-HRT calculations for the AS p
ATe f f model ~dash-dotted curves!. The SC-HRT outputs based o
the AS pair potential only~dotted curves! and part of theS(k) data
of Refs. @3# ~open circles! are also shown when available. Sol
squares are the thermodynamic@16# S(0) values.~a! T5169 K.
Neutron data and theoretical results for the 14.23 nm23 state have
been shifted upwards by 0.1.~b! T5199 K. Data and theoretica
curves for the 11.66 nm23 and 11.31 nm23 states have been
shifted upwards by 0.5 and 1.3, respectively.
1-2
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BRIEF REPORTS PHYSICAL REVIEW E 63 052201
fails close to the critical point, where the reduced isotherm
compressibilityS(k50) is large compared to unity. In fac
under such conditions, the MHNC equation has no phys
solution, and thus no true critical point, with divergingS(0)
and correlation length. In the absence of a critical point w
the MHNC approach, we have no reason to modify the st
dard value ofn of the three-body AT interaction. We wil
comment below on the effect of usingne f f .

In Fig. 2 the neutron data are compared with the MHN
results obtained by using the AS pair potential, with a
without the AT interaction. Differences between the expe
mental S(k) and the two-body results are again evident
low k: they increase with decreasing density and vary, at
lowestk, from 40% at 169 K to 70% at 199 K. The inclusio
of long-range triple-dipole AT interactions provides a ve
good agreement at 169 K, and reduces the MHNC devia
from the 199 K data by nearly one-third. Residual deviatio
are seen to increase with approaching the coexistence re
at 199 K, and also a slight~3%! deviation is detectable at 16
K for the 14.23 nm23 state, which is closer to this boundar

TABLE I. S(0) values of liquid Kr at three different tempera
tures, as obtained from thermodynamic data@16# and from MHNC
calculations using the AS plus AT and the AS plus ATe f f interac-
tion.

T (K) n (nm23) S(0)expt @16# S(0)n
MHNC S(0)ne f f

MHNC

199 11.66 0.880 0.7144 0.5251
169 14.57 0.182 0.1834 0.1532
130 16.83 0.064 0.071 0.063

FIG. 2. As in Fig. 1, with the difference that data are compa
with MHNC results for the AS~dashed curves! and for the AS plus
AT ~solid curves! interaction.~a! T5169 K. ~b! T5199 K.
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We note that the use of the renormalized AT amplitu
ne f f.n in the MHNC calculations would lead to an eve
larger underestimation of the experimentalS(k) at 199 K
and to a worse agreement at 169 K, as suggested also b
results of Fig. 2. This conclusion is further supported by
S(0) data shown in Table I for two states on the 199 K a
169 K isotherms, respectively.

Differently, at higher liquid densities of Kr, such as tho
investigated at largek on the 130 K isotherm@3#, the MHNC
result withne f f provides anS(0) value which is closer to the
experimental one, as also reported in Table I. Therefore,
the densest fluid states near to the triple point, where
MHNC equation is expected to be particularly accurate,
AS plus ATe f f model is again a suitable effective intera
tion, able to explain the experimental results also by
MHNC theory. On the other hand, for states closer to
critical region or the coexistence boundary, the departu
from experiment of MHNC~using ne f f) might be evidence
of the reduced accuracy of the integral equation in reprod
ing the long-wavelength space correlations.

As with the previous wide-angle data of Refs.@3#, the
studied thermodynamic states allow an experimental de
mination of the density derivative ofS(k) along both inves-
tigated isotherms. The thermodynamic derivatives ofS(k) of

FIG. 3. Experimental density derivative ofH(k) in the low-k
region~dots with error bars!. Data at higherk values~open circles!
are from Refs.@3#. The SC-HRT prediction based on the AS plu
ATe f f interaction~dash-dotted curve! is shown, together with the
MHNC results based on the AS~dashed curve! and on the AS plus
AT ~solid curve! potential. Solid squares atk50 are the thermody-
namic limits @16#. ~a! dH(k)/dn at T5169 K and n
514.40 nm23. ~b! dH(k)/dn at T5199 K andn511.66 nm23.
The derivative from the data of Refs.@3# is at the slightly different
densityn511.57 nm23.
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BRIEF REPORTS PHYSICAL REVIEW E 63 052201
simple liquids have been shown@3,18# to be very effective,
more thanS(k) itself, for probing the microscopic interac
tion. In addition, more reliable conclusions can generally
drawn by analyzing the derivatives, since most of the p
sible systematic errors in the measurements and in the ca
lations are removed in a differential quantity. This is co
firmed by the results of Fig. 3, where the experimen
density derivative ofH(k)5@S(k)21#/n, at 169 and 199 K,
is compared with the SC-HRT result based on the AS p
ATe f f model and with the MHNC prediction both for the A
and for the AS plus AT interaction. In fact, SC-HRT pr
vides the best description of the low-k data even at 169 K
@Fig. 3~a!#, so that the small deviations of SC-HRT from th
S(k) data@see Fig. 1~a!# are found to be totally removed, a
least in the experimental low-k range, whendH(k)/dn is
analyzed.

The convenience of referring to the derivatives wh
probing the interatomic interactions is also clear: the dev
tion in dH(k)/dn of the MHNC two-body calculation from
the neutron data at 169 K is of the order of 100%, i.e., m
than twice the corresponding variation inS(k) itself
@;40%, Fig. 2~a!#. By adding the triplet AT contributions
the experimental behavior of the 169 K derivative is rath
closely reproduced by the MHNC result, though less sa
factorily than with SC-HRT. On the other hand, deviatio
~reaching 42%! of the triplet MHNC calculations from the
dH(k)/dn data are present at 199 K fork,2.5 nm21, while
SC-HRT is able to account very well for the experimen
derivative down tok;1.2 nm21.

In conclusion, the present study proves that three-b
forces have a major role in determining the structure o
hi,

ys

A.
r

rk
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simple liquid as Kr fork values smaller than the position o
the first minimum ofS(k), and provides convincing evidenc
for the presence of additional many-body contributions
yond the long-range triple-dipole AT interaction. Both th
thermodynamic properties and the low-k behavior of struc-
tural quantities are quite remarkably accounted for by S
HRT using, as effective many-body potential, an AT inte
action of renormalized~65% higher! intensity. By comparing
diffraction data with two-body calculations, the size
many-body effects on the low-k structure of liquid Kr (1.7
,n/nc,2.2) has been evaluated to amount to more th
40% for S(k) and even 100% fordH(k)/dn.

The overall nice agreement of SC-HRT with experime
at all the investigated liquid densities, is confirmed, in p
ticular, by the low-k behavior ofdH(k)/dn. A less accurate
description of the diffraction data at smallk values is
achieved with MHNC calculations, especially in the vicini
of the critical or coexistence regions. This is probably due
the difficulties of the MHNC approach in properly accoun
ing for increasing long-wavelength density fluctuation
rather than indicating some significant inadequacy in the
sumed AS plus ATe f f realistic model. We showed, in fac
that where the MHNC theory is highly accurate, the abo
effective interaction provides the best agreement with
experimental compressibility of Kr.
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LLB ~LLB is a Laboratoire Commun CEA-CNRS!.
ys.

ys.

.

@1# G. C. Aers and M. W. C. Dharma-Wardana, Phys. Rev. A29,
2734 ~1984!.

@2# M. Tau, L. Reatto, R. Magli, P. A. Egelstaff, and F. Barocc
J. Phys.: Condens. Matter1, 7131~1989!.

@3# F. Barocchi, P. Chieux, R. Magli, L. Reatto, and M. Tau, Ph
Rev. Lett.70, 947 ~1993!; J. Phys.: Condens. Matter5, 4299
~1993!, and references therein.

@4# Y. Rosenfeld and G. Kahl, J. Phys.: Condens. Matter9, L89
~1997!.

@5# F. Barocchi, P. Chieux, R. Fontana, R. Magli, A. Meroni,
Parola, L. Reatto, and M. Tau, J. Phys.: Condens. Matte9,
8849 ~1997!.

@6# F. Formisano, F. Barocchi, and R. Magli, Phys. Rev. E58,
2648 ~1998!.

@7# J. M. Bomont, N. Jakse, and J. L. Bretonnet, Phys. Rev. B57,
10 217~1998!.

@8# C. J. Benmore, F. Formisano, R. Magli, U. Bafile, P. Verke
P. A. Egelstaff, and F. Barocchi, J. Phys.: Condens. Matter11,
.

,

3091 ~1999!.
@9# E. Guarini, G. Casanova, U. Bafile, and F. Barocchi, Ph

Rev. E60, 6682~1999!.
@10# B. M. Axilrod and E. Teller, J. Chem. Phys.11, 299 ~1943!.
@11# Y. Rosenfeld and N. W. Ashcroft, Phys. Rev. A20, 1208

~1979!.
@12# S. M. Foiles, N. W. Ashcroft, and L. Reatto, J. Chem. Ph

80, 4441~1984!.
@13# L. Reatto and M. Tau, J. Chem. Phys.86, 6474~1987!.
@14# R. A. Aziz and M. J. Slaman, Mol. Phys.58, 679 ~1986!.
@15# A. Parola and L. Reatto, Phys. Rev. A31, 3309 ~1985!; M.

Tau, A. Parola, D. Pini, and L. Reatto, Phys. Rev. E52, 2644
~1995!; A. Parola and L. Reatto, Adv. Phys.44, 211 ~1995!.

@16# J. Ju̇za and O. Sˇ ifner, Acta Tech. CSAV1, 1 ~1976!.
@17# M. B. Doran and I. J. Zucker, J. Phys. C4, 307 ~1971!.
@18# M. Zoppi, U. Bafile, E. Guarini, F. Barocchi, R. Magli, and M

Neumann, Phys. Rev. Lett.75, 1779~1995!.
1-4


